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Abstract—This paper is concerned with the optimization of
droop control set-points, i.e., voltage and power levels at each
bus, and the switching status of transmission lines, in multi-
terminal direct current grids. Additional constraints, that ensure
a safe operation in response to power fluctuation while updating
droop set-points, are integrated into the problem formulation.
This problem is cast as a mixed-integer nonlinear program with
three sources of computational complexity: i) Non-convex power
flow equations, (ii) Non-convex converter loss equations, and iii)
Binary variables accounting for the on/off status of transmission
lines. Second-order cone programming relaxation tackles the
non-convexity of power flows and converter loss equations,
and branch-and-bound search determines the optimal switching
status of transmission lines. CIGRE B4 DC grid benchmark
is emulated in a real-time hardware-in-the-loop environment to
corroborate the proposed method.

Index Terms—HVDC transmission, multi-terminal dc grids,
optimal power flow, optimal transmission switching.

I. INTRODUCTION

Multi-terminal direct current (MTDC) grids are becoming
popular as they allow efficient power exchange between syn-
chronized or unsynchronized power grids, and are suitable can-
didates for integrating offshore wind farms [1] or long-distance
power transmission (e.g., European supergrid [2]) as its DC
grid enjoys a simpler control mechanism and avoids challenges
native to AC grids. Voltage-source converters (VSCs) are
building blocks of MTDC grids and allow interconnection
with weak AC grids [3], black start in the case of blackouts,
[4] and power flow reversal without switching the voltage
polarity [5]. There are ongoing efforts to realize bulk power
exchange among independent grids using the VSC technology
[6]. Control of the VSC’s DC voltage is the key measure to
proper power dispatch and loss management in a MTDC grid,
and is mainly done via master-slave [7], voltage margin [8],
or voltage droop [9] mechanisms. Voltage margin control can
cause an oscillatory behavior [10]. Droop control approach is
more reliable than the master-slave control if several converters
actively participate in the regulation process.

The two-tier control hierarchy of MTDC grids [11], [12]
includes a faster, lower-level droop controller that locally reg-
ulates the VSC voltage at the cost of power sharing objectives.
Hence, the upper-level optimizer periodically tunes the set-
points of the lower-level droop control to meet predefined
objectives, i.e, minimizing generation cost, transmission loss,
etc. The optimization involved in tuning droop set-points could

This work is supported by the National Science Foundation un-
der award ECCS-1809454. The authors are with the University of
Texas at Arlington, TX, 76019, USA (e-mail: tuncay.altun@mavs.uta.edu;
ramtin.madani@uta.edu; davoudi@uta.edu).

become computationally prohibitive for real-time applications
[13]. This delay, or any interruption in the communication
between the two control layers, could cause a prescribed droop
set-point to violate an operational safety limit, particularly
if the load demand or power generation fluctuate noticeably
before the subsequent droop set-points update [14]–[16]. Pre-
ventive measures, while still pursuing optimality in MTDC
grids, are rare in the literature, e.g., see [17]–[19].

The optimal power flow (OPF) in MTDC grids aims to min-
imize transmission loss alone [11] or along with conversion
loss [20]. Convex relaxation methods, including semi-definite
programming (SDP) and second-order cone programming
(SOCP), can transform nonlinear power flow optimization into
convex surrogates by reformulating it in a high-dimensional
space while preserving equivalency with the original non-
convex problem [21]. The SDP and SOCP relaxations, and
their variations, have manifested notable success in solving
OPF problems in AC systems [22], [23]. These approaches
have been extended to the static OPF problem of MTDC grids
that suffer from additional non-convexity due to the presence
of quadratic converter loss equations [24], [25].

Static OPF solutions, however, overlook the optimal switch-
ing of transmission lines that can help alleviate line overloads,
address voltage violations, minimize transmission losses, pro-
tect the grid from abnormal operations, or schedule mainte-
nance [26]. In fact, a transmission line built for a long-term re-
quirement could exhibit dispatch inefficiencies [27]. Recently,
mixed-integer cone programming techniques have been used
to solve AC grid topology problems [28], [29]. In this paper,
we offer a mixed-integer second-order cone programming
(MISOCP) formulation for the topology-cognizant OPF in
MTDC grids to minimize both transmission and converter
losses. The proposed formulation includes safety constraints
that prevent voltage violations caused by power fluctuation in
between two droop set-point updates. In summary, the salient
contributions of this paper are listed as follows:

• The static OPF problem of MTDC grids, with the ob-
jective of minimizing the total loss, is formulated as
a nonlinear optimization while respecting pyhsical and
operational constraints for both AC and DC parts.

• Additional constraints that sustain a safe operation by
further restricting voltage limits, in response to volatile
generation/load profiles in between two droop set-point
updates, are integrated into the problem formulation.

• Static OPF formulation is extended to a topology-
cognizant OPF by incorporating binary variables that
represent the switching status of transmission lines.
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• The proposed MISOCP surrogate is formulated for
topology-cognizant OPF problem.

• The proposed static OPF, topology-cognizant OPF with-
out safety constraints, and topology-cognizant OPF with
safety constraints are experimentally validated through
real-time hardware-in-the-loop (HIL) experiments.

The remainder of the paper is organized as follows. Section
II covers preliminary materials. Section III elaborates the
modeling of MTDC grids. Section IV integrates the switching
statuses of transmission lines into the OPF problem, and
provides its MISOCP-relaxed formulation. In Section V, the
resulting SOCP-relaxed OPF and MISOCP-relaxed topology-
cognizant OPF problems are verified for the CIGRE B4 DC
grid benchmark using a real-time HIL. Section VII concludes
the paper.

II. NOTATIONS AND GRID TERMINOLOGIES

A. Notations

Bold uppercase and lowercase letters (e.g., X, x) represent
matrices and vectors, respectively. 1 and 0 refer to vectors
with all elements as 1 and 0, respectively. The R and C
symbolize the sets of real and complex numbers, respectively.
Sn and Hn represent the n × n symmetric and hermitian
matrices, respectively. The real and imaginary parts of a
complex number or matrix are defined by real{·} and imag{·},
respectively. The matrix entries are denoted by indices (i, j).
Superscripts (·)> and (·)∗ denote the transpose and conjugate
transpose operator, respectively. | · | represents the cardinality
of a set or the absolute/magnitude value of a vector/scalar. [·]
creates a matrix whose diagonal elements are obtained from
a given vector. tr{·} refers to the trace of a given matrix.
‖ · ‖2 stands for the euclidean norm of a given vector. diag{·}
composes a vertical vector from the diagonal elements of a
given matrix. X � 0 means that X is a symmetric positive
semidefinite matrix.

B. Grid Terminologies

Figure 1 shows a portion of an MTDC grid. Grid buses are
connected via DC transmission lines. Terminologies for grid
elements are elaborated here:
• DC Grid: The DC transmission grid can be structured

as a directed graph H = (N ,L), with N and L as the
sets of buses and lines, respectively. Define the pairs
~L, ~L ∈ {0, 1}|L|×|N| as the from and to line-incidence
matrices for the DC grid, respectively. For every l ∈ L
and k ∈ N , ~Llk = 1 if and only if the transmission
line l starts at bus k, and ~Llk = 1 if and only if the
line l ends at bus k. The matrices Y ∈ R|N |×|N|,
~Y , ~Y ∈ R|L|×|N| represent the bus-conductance, and
the from and to line-conductance matrices of the DC
grid, respectively. Define ~f and ~f ∈ R|L| as the
from and to vectors of transmission line power flows,
respectively. Let f~

~

max ∈ (R ∪ {∞})|L| be the vector
of power flow limits. Additionally, define x~

~

∈ {0, 1}|L|
as the binary vector representing the on/off switching
status of transmission lines. Let x~

~

min,x~

~

max ∈ {0, 1}|L|
encapsulate prior knowledge of the on/off switches, i.e.,

x~

~

minl =x~

~

maxl =0, if line l∈L is known to be disconnected,
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Fig. 1. A portion of a meshed MTDC grid. The grid is endowed with
switching devices to enable line switching decisions, x~

~

. VSCs couple AC
and DC parts by controlling their voltage and power levels on both sides.

x~

~

minl =x~

~

maxl =1, if line l∈L is known to be connected,
x~

~

minl =0, x~

~

maxl =1, otherwise.

Finally, let vdc,pdc ∈ R|N | represent the vectors of nodal
DC voltages and active power injections into the DC side.

• Buses/VSCs: Each DC bus k ∈ N is assumed to accom-
modate a single voltage-source converter (VSC) which is
connected to a set of loads and generators through a phase
reactor, modeled as a series impedance zk ∈ C. Define
z, iac ∈ C|N | as the vectors of phase-reactor impedance
and current values, respectively. Let vac

c ,v
ac
f ∈ C|N |

account for the vectors of VSC and load/generation-
side AC voltages, respectively. Let sac ∈ C|N |, and
pac, qac ∈ R|N |, respectively, represent the vectors of
apparent, active and reactive power injections from VSCs
into the AC sides.

• Generators/Loads: Define G as the set of generators and
G ∈ {0, 1}|G|×|N| as the generator incidence matrix,
where Ggk = 1 if and only if the generator g ∈ G is
located at the AC side of the bus k ∈ N . sg ∈ C|G|
and pg, qg ∈ R|G|, respectively, represent the vectors of
apparent, active and reactive power generations. Define
D as the set of loads and D ∈ {0, 1}|D|×|N| as the load
incidence matrix where Ddk = 1 if and only if the load
d ∈ D is located at the AC side of the bus k ∈ N .
Finally, pd ∈ R|D| represents the vectors of active power
demand.

III. MTDC GRID MODEL

A. AC/DC Coupling

VSC losses are approximated by a quadratic polynomial
with respect to current magnitude as

pconv
loss , −pac − pdc = a+ [b]|iac|+ [c]|iac|2, (1)

where a, b, c ∈ R|N | are the vectors of positive coefficients
[24], and pac and pdc are the vectors of active power injec-
tions by the VSCs into the AC and DC sides, respectively.
Additionally, the AC and DC side voltages are related with a
modulation factor, m,

|vac
c | ≤

√
3

2
mvdc. (2)

B. VSC Limits

The AC side complex powers can be calculated as

sac = [vac
c ]
(
[z]−1(vac

c − vac
f )
)∗
, (3)
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with the VSCs active power is bounded as

pac
min ≤ pac ≤ pac

max. (4)

With no loss of generality, the VSC reactive power limits can
be formulated as

−mb|s̄ac|≤qac≤ [|imag{z}|]−1
[
vac

cmax

]
(vac

cmax
− |vac

f |), (5)

where mb is a positive constant, and |s̄ac| is the vector of
nominal VSC apparent power values [20]. To simplify (5)
while finding the maximum reactive power constraint, one can
substitute |vac

f | with vac
fmax

[20].
Finally, according to Ohm’s law,

iac = [z]−1(vac
c − vac

f ), (6)

and the current magnitude |iac|, should not exceed an upper
limit |iac

max|, to be compatible with the limits of phase reactor
and controller.

C. Generator/Load Limits

Active power balance at the generator/load sides of phase
reactors can be formulated as

G>pg −D>pd = real
{

[vac
f ]
(
[z]−1(vac

f − vac
c )
)∗}

, (7)

with

pg
min ≤ pg ≤ pg

max, (8)
vac

fmin
≤ |vac

f | ≤ vac
fmax

, (9)

enforcing generator/load power and voltage limits.

D. DC Grid Constraints

Nodal power balance equations of the DC grid can be
formulated as

~L> ~f + ~L> ~f = pdc, (10)

where ~f and ~f are dictated by nodal DC voltages and the
status of transmission lines:

~f = [x~

~

] diag{~Lvdcvdc> ~Y>} ≤ f~

~

max, (11a)

~f = [x~

~

] diag{ ~Lvdcvdc> ~Y>} ≤ f~

~

max, (11b)

and constrained by thermal limits of the line. Additionally,
nodal voltages and power injections of the DC grid should be
bounded as follows:

vdc
min ≤ |vdc| ≤ vdc

max, (12)

pdc
min ≤ pdc ≤ pdc

max. (13)

Constraints (12)–(13) enforce steady-state safety requirements.
However, due to transient effects, voltage limits in (12) need to
be further restricted based on variations in load and generation,
as well as the computational time delays in between droop
set-point updates. In the following subsection, we formulate
complementary voltage constraints that can further improve
operational safety.

*
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Fig. 2. Droop parameters optimized for the load/generation profile at time
t1 violates the safe operating region until the subsequent update that happens
at time t3 +∆t3. (a) Load/generation profile and DC side voltage variation.
(b) Generalized voltage-droop characteristics.

E. MTDC Control Strategy

The generalized VSC voltage-droop characteristic can be
written as

αkv
dc
k + βkp

dc
k + γk = 0, ∀k ∈ N , (14)

where vdc
k and pdc

k are the DC voltage and power set-points
of the VSC at bus k. αk, βk, and γk are the voltage-droop
coefficients of the corresponding converter. In this paper, we
assume that αk = 1. Herein, the slope of voltage-droop
characteristics is

κk , βk =
vdc

maxk
− vdc

mink

pdc
maxk

− pdc
mink

, (15)

and additionally, γk = −vdc
k − κkpdc

k .
Equation (14) guarantees the optimal operation as long as

updating droop set-points is fast enough compared to power
fluctuations [30]. However, due to the limits in computational
speed, this assumption remains valid only if changes in load-
/generation are negligible. The unwanted voltage deviation,
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caused by rapid changes, can be formulated as

∆vk = κk∆pk, (16)

where ∆vk = |vdc
k (t1) − vdc

k (t2)| and ∆pk = |pdc
k (t1) −

pdc
k (t2)|. We seek to obtain conservative bounds on changes

in DC voltage magnitudes, with the aim of ensuring smooth
transition to the next operating point.

An illustrative example is provided in Figure 2 to highlight
the necessity of this constraint. In Figure 2 (a), the optimizer
collects the load profile at time t1. Optimizing droop set-
points requires a computational time, ∆t1. During this time, a
noticeable variation in load/generation, as it happens at time
t2, invalidates obtained droop set-points until the subsequent
update (at time t3 + ∆t3). Thus, droop set-points found at
time t1 +∆t1 become harmful for grid operation, particularly
within the interval [t2, t3 +∆t3].

To prevent this issue, one can underpin droop control
with additional constraints so that the DC voltage remains
within the pre-described boundaries. We offer the following
additional voltage constraints, instead of (12), to guarantee a
safe operation under limited load/generation volatility:

vdc
kmin

+∆vk = vdc
kmin

+ κk∆pk ≤ vdc
k , (17)

vdc
kmax
−∆vk = vdc

kmax
− κk∆pk ≥ vdc

k , (18)

where ∆pk denotes the power variation in the DC side. A
safe operating region can be devised such that corresponding
voltage constraints allow power variation up to a specified
level. This level can be decided based on the predefined
percentage of an existing power injection, i.e., ∆pk ≤ µkp

dc
k .

IV. TOPOLOGY-COGNIZANT OPF

A. Formulation of the Optimal Grid Topology

In Section III, we have modeled the operational and phys-
ical characteristics of a VSC-based MTDC grid. Herein, we
devise an objective function that minimizes the total active
power loss. The topology-cognizant OPF, with the objective
of minimizing total loss, can be formulated as

minimize 1>|N|

(
G>pg −D>pd

)
(19a)

subject to real{sac}+ pdc + a+ [b]|iac|+ [c]|iac|2 = 0 (19b)

|vac
c | ≤

√
3

2
vdc (19c)

sac = [vac
c ]
(
[z]−1(vac

c − vac
f )
)∗

(19d)
pac

min ≤ real{sac} ≤ pac
max (19e)

qac
min ≤ imag{sac} ≤ qac

max − [q̄ac]|vac
f | (19f)

iac = [z]−1(vac
c − vac

f ) (19g)
|iac| ≤ iac

max (19h)

G>pg −D>pd =real
{

[vac
f ]
(
[z]−1(vac

f − vac
c )
)∗}

(19i)
pg

min ≤ p
g ≤ pg

max (19j)
vac

fmin
≤ |vac

f | ≤ vac
fmax

(19k)

pdc = ~L> ~f + ~L> ~f (19l)

pdc
min ≤ pdc ≤ pdc

max (19m)

| ~f − diag{~L vdcvdc> ~Y
>
}| ≤M(1− x~

~

) (19n)

| ~f − diag{ ~L vdcvdc> ~Y
>
}| ≤M(1− x~

~

) (19o)

| ~f | ≤ [f~

~

max]x~

~

(19p)

| ~f | ≤ [f~

~

max]x~

~

(19q)
x~

~

min ≤ x~

~

≤ x~

~

max (19r)

vdc
min + [κ][µ]pdc ≤ vdc ≤ vdc

max − [κ][µ]pdc (19s)

variables vdc,pdc ∈ R|N|; vac
c ,vac

f , iac, sac ∈ C|N|

pg ∈ R|G| ; ~f , ~f ∈ R|L| ; x~

~

∈ {0, 1}|L|

where vectors qac
min, qac

max, and q̄ac are set such that (19f)
concludes (5). The topology-cognizant OPF formulation (19)
suffers from (i) non-convex power flow equations (19d), (19n)
and (19o), (ii) non-convex converter loss equations (19b), and
(iii) the presence of binary variables, (19r), accounting for the
lines’ statuses. The non-convex power flow equations corre-
sponding to binary variables in (11a) and (11b) are relaxed
using disjunctive inequalities, big-M reformulation, to (19n)
and (19o), respectively. Thus, binary variables are defined for
each alternative scenario, as the binary variable is either zero
or one. Nonlinear components, namely, vdcvdc> , |vac

f |, |vac
f |2,

|vac
c |2, diag{vac

c v
ac∗

f } and |iac| can be convexified via conic
inequalities.

B. Convexification of the Problem Formulation

First, we introduce auxiliary variables W dc ∈ S|N |,
φac, tac,wac

cc ,w
ac
ff ∈ R|N |, and wac

cf ∈ C|N | for nonlinear
terms vdcvdc> , |iac|, |iac|2, |vac

c |2, |vac
f |2, and diag{vac

c v
ac∗

f },
respectively. The lifted problem can be formulated as

minimize 1>|N|

(
G>pg−D>pd

)
(20a)

subject to real{sac}+ pdc + a+ [b]φac + [c]tac = 0 (20b)

0 ≤ wac
cc ≤

3

2
diag{W dc} (20c)

sac =
(
[z]−1)∗ (wac

cc −wac
cf ) (20d)

pac
min ≤ real{sac} ≤ pac

max (20e)
qac

min ≤ imag{sac} ≤ qac
max − [q̄ac]|vac

f | (20f)

tac =[|z|]−2(wac
cc +wac

ff −2real{wac
cf }) (20g)

tac ≤ (iac
max)2 (20h)

G>pg −D>pd = real
{

[z]−1(wac
ff −wac

cf )∗
}

(20i)
pg

min ≤ p
g ≤ pg

max (20j)

(vac
fmin

)2 ≤ wac
ff ≤ (vac

fmax
)2 (20k)

pdc = ~L> ~f + ~L> ~f (20l)

pdc
min ≤ pdc ≤ pdc

max (20m)

| ~f − diag{~L W dc ~Y>}| ≤M(1− x~

~

) (20n)

| ~f − diag{ ~L W dc ~Y>}| ≤M(1− x~

~

) (20o)
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| ~f | ≤ [f~

~

max]x~

~

(20p)

| ~f | ≤ [f~

~

max]x~

~

(20q)
x~

~

min ≤ x~

~

≤ x~

~

max (20r)

vdc
min + [κ][µ]pdc ≤ vdc ≤ vdc

max − [κ][µ]pdc (20s)

√
tac = φac = |iac| (20t)

√
[~Ldiag

{
W dc

}
] ~Ldiag

{
W dc

}
= diag

{
~LW dc ~L>

}
diag

{
(~L− ~L)W dc(~L− ~L)>

}
=
(
~Lvdc−~Lvdc)2

diag
{

(~L+ ~L)W dc(~L+ ~L)>
}

=
(
~Lvdc+~Lvdc)2

diag
{
W dc} =

(
vdc)2 (20u)

√
[wac

ff ]wac
cc = |wac

cf |,

wac
ff +wac

cc − 2 real{wac
cf } = |vac

c − vac
f |2,

wac
ff +wac

cc + 2 real{wac
cf } = |vac

c + vac
f |2,

wac
ff +wac

cc − 2 imag{wac
cf } = |vac

c + ivac
f |2,

wac
ff +wac

cc + 2 imag{wac
cf } = |vac

c − ivac
f |2,

wac
ff = |vac

f |2, wac
cc = |vac

c |2, (20v)

variables vac
c ,vac

f ,wac
cc ,w

ac
ff ,wac

cf , s
ac, iac ∈ C|N|;

W dc ∈ S|N|; φac, tac,pdc ∈ R|N|; pg ∈ R|G|;
~f , ~f ∈ R|L|; x~

~

∈ {0, 1}|L|

The non-convexity of (19) is circumvented by lifting its
nonlinear terms into the form of (20) while preserving the
equivalency between the two formulations, with the help of
additional constraints (20t)-(20v). The main purpose behind
this formulation is that it can be immediately convexified via
transformation of equalities in (20t)-(20v) to inequalities.

C. SOCP Relaxation

Motivated by [31], a MISOCP formulation can be readily
obtained, by relaxing (20t)-(20v) into the following conic and
parabolic inequalities:
√
tac ≥ φac ≥ |iac| (21a)

√
[~Ldiag

{
W dc

}
] ~Ldiag

{
W dc

}
≥ diag

{
~LW dc ~L>

}
diag

{
(~L− ~L)W dc(~L− ~L)>

}
≥ (~Lvdc−~Lvdc)2

diag
{

(~L+ ~L)W dc(~L+ ~L)>
}
≥ (~Lvdc+~Lvdc)2

diag
{
W dc

}
≥ (vdc)2 (21b)

√
[wac

ff ]wac
cc ≥ |wac

cf |,

wac
ff +wac

cc − 2 real{wac
cf } ≥ |vac

c − vac
f |2,

wac
ff +wac

cc + 2 real{wac
cf } ≥ |vac

c + vac
f |2,

wac
ff +wac

cc − 2 imag{wac
cf } ≥ |vac

c + ivac
f |2,

wac
ff +wac

cc + 2 imag{wac
cf } ≥ |vac

c − ivac
f |2,

wac
ff ≥ |vac

f |2, wac
cc ≥ |vac

c |2, (21c)

The resulting MISOCP-relaxed topology-cognizant OPF prob-
lem (20) with relaxed constraints (21a)-(21c) is compatible
with the state-of-the-art branch-and-bound solvers which en-
ables the search for binary variables.

D. Penalization

The proposed convex relaxation (21a)-(21c) can be inexact
and fail to provide feasible points for the original nonconvex
formulation. In order to ensure that (20t)-(20v) are satisfied,
we incorporate a penalty function of the form

ρv̌dc,v̌ac
c ,v̌ac

f ,̌iac(W
dc,vdc,wac

cc ,v
ac
c ,w

ac
ff ,v

ac
f , t

ac, iac) =

ηdc
(
tr
{
W dc

}
− 2(v̌dc)>vdc + ‖v̌dc‖22

)
+ (22a)

ηac
c

(
1>|N|w

ac
cc − (v̌ac

c )∗vac
c − (vac

c )∗v̌ac
c + ‖v̌ac

c ‖22
)
+ (22b)

ηac
f

(
1>|N|w

ac
ff − (v̌ac

f )∗vac
f − (vac

f )∗v̌ac
f + ‖v̌ac

f ‖22
)
+ (22c)

ηac
i

(
1>|N|t

ac − (ǐac)∗iac − (iac)∗ǐac + ‖ǐac‖22
)

(22d)

into the objective of convex relaxation, where
(v̌dc, v̌ac

c , v̌
ac
f , ǐ

ac) ∈ R|N | × R|C| × R|C| × R|C| can be
any arbitrary initial point. As shown in [22], the proper
selection of penalty coefficients ηdc, ηac

c , η
ac
f , η

ac
i ≥ 0

guarantees the recovery of near-optimal feasible points. In
the following section, we show that the simple choice of
parameters

v̌dc = v̌ac
c = v̌ac

f = ǐac = 0, (23a)

ηdc = 10−4, ηac
i = 10−5, ηac

c = ηac
f = 0, (23b)

can reliably solve the original non-convex problem in practice.

V. CASE STUDIES

A. System Setup

The modified CIGRE B4 DC grid benchmark [32],
equipped with switches to open/close transmission lines, is
shown in Figure 3. This grid is emulated in a HIL environment,
with two dSPACE DS1202 MicroLabBoxes to implement
droop controllers for individual VSCs, and two Typhoon
HIL604 units to emulate VSCs and transmission lines, as
shown in Figure 4. The proposed optimization algorithm runs
on a 16-core Xeon PC with 256 GB RAM. The TCP/IP
link between Typhoon HIL/MATLAB/dSPACE MicroLab-
Boxes shares the load, set-point information, and the status of
switching devices at every five second. Resulting SOCP and
MISOCP problems are solved in the CVX v2.1 environment
[33] using the conic mixed-integer solver GUROBI v8.0.1
[34]. In the following studies, four time intervals, [0s, 120s],
[120s, 220s], [220s, 320s], and [320s, 420s], are considered.

The rated power of each VSC is 1200 MW. Variable loads
are attached to bus 1 and bus 4. The bounds on power con-
straints for AC and DC sides are pdc

mink
= pac

mink
= −1200 MW

and pdc
mink

= pac
maxk

= 1200 MW for every VSC at bus
k ∈ N . The loss coefficients in (1) are ak = 2.65 × 10−5,
bk = 3.7 × 10−5, and ck = 3.6 × 10−5 for every VSC
at bus k ∈ N . The converter constant and nominal apparent
power in (5) are mb = 0.6 and |s̄ac| = 1.2 pu, respectively.
Phase-reactor parameters in (5) are rk = 2.5 × 10−6 and
xk = 4 × 10−4 for every k ∈ N . VSC parameters are
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Fig. 3. The modified CIGRE B4 DC grid equipped with line switches. DC
cable resistance for +/-400 kv is 0.0095 Ω/km.

Controller Implementation

dSPACE MicroLabBoxTyphoon HIL

Real-Time 
Hardware Emulation

VSC-+
∆

∆

subject to   (20b) - (20s) & (21a) - (21c)

Voltage
Control

vdc,pdc, xpd

vdc

vdcvdc

pdc

pdc

minimize   1T   ( GTpg - DTpd ) + (22)|   |

Fig. 4. Topology-cognizant OPF testbed on a HIL system consisting of
real-time hardware emulation (Typhoon HIL), controller implementation
(dSPACE), and TCP/IP communication link.

ic
ac
max = 1.0526 and vc

ac
max = 1.05. The maximum modulation

factor in (2) is m = 1. The voltage bounds are 0.94 pu
(352.7 kV) and 1.06 pu (402.8 kV). The lines are rated at
f~

~

lmax
= 0.3 pu (300 MW) for every l ∈ L. Moreover, the

big-M constant in (19) and (20) is M = 500. Safety constraint
coefficients in (20s) are µk = 10% and κk = 5% for every
VSC at bus k ∈ N . Penalty coefficients in (22) are chosen
from (23).

B. MTDC Grid Operation with Static OPF

Static OPF refers to the problem (20) with a connected
grid such that x~

~

lmin
=x~

~

lmax
=1 for every l ∈ L. If OPF results

do not update the set-points of the local droop controller, they
arrive at a feasible operating condition shown in Figure 5.
The main goal of a local droop controller is to ensure stable
operation of a VSC in voltage-power tracking and meeting
the load demand. Local controllers are not concerned with
the optimal operation of the MTDC grid. Hence, the total
loss obtained via local controllers can always be reduced by
considering the optimality conditions. The total loss obtained
via local controllers and the static OPF are given in Table I.
Upon enforcing the outcome of the static OPF, roughly around
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Fig. 5. MTDC operation with droop control under varying load: (a) DC side
voltage variation, (b) DC side power variation, and (c) Total power losses.

TABLE I
TOTAL LOSSES WITH DIFFERENT APPROACHES (MW)

Method

Time interval (s)
0-120 120-220 220-320 320-420

Local droop controller 4.40 8.00 6.50 9.00

Static OPF 3.97 7.16 5.86 8.08

Topology-cognizant OPF
without the safety constraints 3.78 6.19 5.11 7.11
(20) without (20s)
Topology-cognizant OPF
with the safety constraints 3.80 6.22 5.14 7.13
(20) with (20s)

10% reduction in loss is reported compared to results obtained
via local droop controllers alone. The average computation
time to solve the static OPF and update droop set-points is
1.4 s.

C. MTDC Grid Operation with Topology-cognizant OPF

The problem (20), with and without the constraints in
(20s), is solved to determine the optimal grid topology with
the aim of reducing the total loss. The outcome of topology-
cognizant OPF problem without voltage safety limits in (20s)
further reduces the total loss by 4.79%, 13.54%, 12.80%, and
12.00% for the four time intervals as compared to the static
OPF scenarios. Based on the outcome of (20) (except (20s)),
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Fig. 6. MTDC operation with static OPF under varying load: (a) DC side
voltage variation, (b) DC side power variation, and (c) Total power losses.

x~

~

2−3 is always disconnected, while x~

~

1−4 is disconnected only
during [0s, 120s] time interval. Eventhough the total loss is
further reduced, the voltage safety limits are violated at bus 5
due to load fluctuations and the computation time involved in
updating droop set-points, see Figure 7 (a). Additional safety
constraints in (20s) mitigate any voltage violation in response
to power fluctuations in between two droop set-points updates
as shown in Figure 8 (a). This safer operation comes with
a slightly higher total loss compared to the case ignoring
(20s); Nevertheless, it still offers remarkable reduction in
total loss as compared to the static OPF. The total loss
obtained by the topology-cognizant OPF with and without
the constraints in (20s) are given in Table I. Total losses for
different loading profiles are about 0.42%, 0.57%, 0.52%, and
0.65% of the total load demand for the four time intervals. The
converter losses obtained from SOCP relaxation approach are
about 7.31%, 4.71%, 5.65%, and 4.18% of the total loss in
corresponding intervals. Updating droop set-points, that are
sent to VSCs every five second, takes around 2.5 s.

VI. CONCLUSION

This paper offers a convex optimization framework to solve
the grid topology-cognizant OPF problem for MTDC grids.
It provides local voltage and power set-points for droop con-
trollers of VSCs as well as the operational status of transmis-
sion lines. Additional constraints, that sustain safe operation
in response to the power fluctuation in between two droop
updates, are integrated into the proposed formulation. The
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Fig. 7. MTDC operation with topology-cognizant OPF disregarding voltage
safety constraints in (20s). The variations in load/generation have DC voltage
at bus 5 violate the safety limit: (a) DC side voltage variation (dotted line
shows the safety limit, vdc

max = 402.8 kV), (b) DC side power variation, (c)
Line statuses, and (d) Total power losses.

resulting MINLP embodies three types of non-convexity due to
the quadratic power flow equations, incorporation of switching
decisions, and the nonlinear converter loss equations. We relax
this problem into a tractable MISOCP that can be solved
using standard branch-and-bound solvers. Experimental results
verify the efficacy of the proposed method.
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